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singularity of the backwater equation (Belanger 1828), it was as-
sociated with the idea of minimum specific energy by Bakhmeteff
(1912). This approach is now commonly used (Henderson 1966;
Chanson 2004), including herein. Numerous solutions of the criti-
cal flow conditions were proposed for flat channels with hydro-
static pressure distributions. For example, the critical flow depth
and velocity in a flat rectangular channel are respectively
where Q=flow rate; B=free-surface width; and g=gravity accel-
eration.
For a smooth, frictionless flow, a detailed solution of the criti-
cal flow conditions was proposed for open channel flow situations
with nonhydrostatic pressure distributions [e.g., circular weir,
ogee crest (Chanson 2006) (Fig. 1)]. The analysis demonstrated
that, at critical flow conditions, there is a unique relationship be-
tween the pressure coefficient A, the velocity correction coeffi-
cient 13, and the discharge coefficient CD for a given discharge per
unit width Q/B and minimum specific energy Emill" The pressure
coefficient A accounts for the nonhydrostatic pressure distribu-
tion, I3=Boussinesq coefficient, and CD=dimensionless discharge
coefficient, defined respectively as
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Table 1. Relative Sensitivity Index of S1 and S3 Solutions
Relative Relative
sensitivity sensitivity Ratio of
of of SI relative
~C1A2 (Adc / Emin)3 S3 curve (Adc / Emin)l curve sensitivities
0.216 0.2 -0.125 0.966 -14.071 112.6
0.316 0.25 -0.167 0.948 -9.083 54.4
0.425 0.3 -0.214 0.927 -6.315 29.5
0.537 0.35 -0.269 0.902 -4.611 17.1
0.648 0.4 -0.333 0.874 -3.483 10.5
0.752 0.45 -0.409 0.843 -2.694 6.6
0.844 0.5 -0.5 0.809 -2.118 4.2
0.919 0.55 -0.611 0.771 -1.683 2.8
0.972 0.6 -0.75 0.729 -1.346 1.8
0.998 0.65 -0.929 0.683 -1.078 1.2
1 2 -1 2 -I 1
- -
3 3
acD - 1.5E( de r 1 CDdjEmin
aA = 2{r3 Emin ~l - (AdjEmin) 2((Ade/Emin) - 1)
The relative sensitivity index, S, could now be determined as
follows:
S=~aCD=(0.5Ade)/(Ade -1)
CD aA Emin Emin
which reveals that for the limit Adc / Emin ----> 1 the relative sensi-
tivity index, S, goes to infinity.
A plot of Eq. (1) along with the variation of the dimensionless
critical flow depth at the crest of the weir for S1 and S3 solutions
have been presented in Fig. 1. The figure reveals that the S1
solution is far more sensitive than S3 solution.
In addition, the values of (Ade/ Eminh and (Ade/ Emin) I along
with their associated relative sensitivity index for a given I3c1A2
range were present in Table 1. The ratios of relative sensitivities
of the two solutions (i.e., Sl/S3) are also given in the last column
of the table. Based on the presented results it might be inferred
that the S1 solution could be impractical. Because the occurrence
of the S1 solution implies that a very small change in A yields a
large change in CD and consequently in the discharge, it could not
be realistic. It is worth mentioning that the relative sensitivity of
CD with respect to 13 is constant and equals to -0.5.
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In open channel flows, the relationship between specific energy
and flow depth presents a singularity at critical flow conditions.
Although the concept of critical flow was first introduced as a
Fig. 1. Sketch of critical flow conditions: (a) critical flow conditions
at a rounded weir crest; (b) transcritical flow conditions in an undular
hydraulic jump
JOURNAL OF IRRIGATION AND DRAINAGE ENGINEERING © ASCE / NOVEMBER/DECEMBER 2008/883
____________J
1.2
1.15
1.1
1.05
095
•
• X
<>
• x::-110 <>
<JI X
<><>
•
X
X
• Gonzalez &. Chanson (2007) . Broad-crest Geometry 3
<> Gonzalez &'Chimson (2007) - Broad.crest Geomeby 4
... Fawer(1931) - C","""rnst
[J Vo(1992)-C;"1!Iarcrast
X ChaNon (2005) - Und1!lar flow
X
0.9
<: 0.85 [J
[J
0.8
[J
0.75 [J
[J
0.7
[J
[J
[J
0~5
[J [J
0.6
0.55
...
1.21.181.161.141.121.1
~
1.081.061.041.02
05l- --I. -L --l- l...- --l.. ....l.... .L- --I. --'- ....
1
Fig. 2. Relationship between A and 13 at critical flow conditions: experimental observations (Fawer 1937; Vo 1992; Chanson 2005; Gonz?lez and
Chanson 2007)
A =~ + ~fd P(y) dy
2 d 0 pgd
1 fd13 =-2- v(y?dy
Vd 0
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~ = _1 (1- cos ~ + ~3(1- (cos ~)2)) Solution S3
Emm 3A 3 3
(7)
where
where d=flow depth; P=pressure at a distance y from the bed;
p=fluid density; v = local velocity, and V=depth-averaged veloc-
ity. For a given discharge per unit width and minimum specific
energy, there are one, two, or three real solutions to the critical
flow condition equation depending upon the sign of the dimen-
sionless discriminant Ll
There is one real solution for Ll>O, two real solutions for Ll=O,
and three real solutions for Ll < O. Above a broad-crested weir, the.
discriminant Ll is zero and the analytical solution yields Eqs. (1)
and (2).
Detailed experimental measurements of pressure and velocity
distributions above circular- and rounded-crested weirs suggested
that Ll<O for that geometry [Fig. lea)] and that the only stable
solution for the critical flow conditions satisfies
(9)
(8)
P v2
- + Z + - = constant
pg 2g
and d=critical flow depth for a nonhydrostatic pressure distribu-
tion flow situation.
The discussers commented that for Ll < 0, another real solution
(SI) was "highly sensitive." In their development, the discussers
assumed incorrectly that the pressure correction coefficient A and
the Boussinesq velocity correction coefficient 13 were indepen-
dent. This approximation is incorrect because the velocity and
pressure distributions are related. In a steady, incompressible, and
frictionless fluid, the Bernoulli principle relates the variations in
pressure with the changes in vertical elevation z and velocity
magnitude
along a streamline, where z is positive along the vertical upward
direction (Streeter 1948; Liggett 1994). The interrelation between
pressure and velocity is well known in two-dimensional ideal
fluid flow. Basically the velocity field is solved analytically or
graphically, and the pressure is derived from the Bernoulli equa-
tion [Eq. (9)] (Vallentine 1969; Liggett 1994). Hence the "sensi-
(5)
(6)
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Table 1. Experimental Investigations of Pressure and Velocity Distributions in Critical Flow Conditions
E d
Reference m m CD 13 A
Circular weirs
Fawer (1937), Run I 0.077 0.054 1.39 l.l2 0.58
0.077 0.054 1.39 0.95 0.49
0.077 0.054 1.38 1.05 0.51
Vo (1992) 0.083 0.060 1.07 l.l7 0.82
0.124 0.089 l.l5 l.l6 0.76
0.151 0.109 l.l8 l.l5 0.71
0.176 0.126 1.21 l.l5 0.70
0.209 0.150 1.25 l.l4 0.64
0.067 0.048 1.04 l.l5 0.85
0.1l0 0.079 l.l3 l.l3 0.78
0.137 0.099 l.l6 l.l5 0.73
0.174 0.124 1.20 l.l4 0.68
0.205 0.147 1.25 l.l2 0.64
0.080 0.057 1.08 0.99 0.82
0.1l9 0.085 l.l5 1.00 0.76
0.148 0.106 l.l9 1.03 0.70
0.205 0.146 1.26 1.01 0.63
0.165 0.118 1.21
Broad-crested weir
Gonzalez and Chanson (2007) 0.023 0.020 l.l0 1.03 l.l3
0.081 0.050 0.67 1.02 l.l1
0.099 0.060 0.98 1.01 1.05
0.129 0.080 0.97 1.01 1.03
0.165 0.110 1.04 1.01 1.01
0.208 0.150 1.06 1.01 0.97
0.023 0.020 1.00 1.04 1.06
0.081 0.050 0.97 1.02 1.03
0.099 0.060 1.00 1.01 0.98
0.129 0.080 1.01 1.02
0.165 0.1l0 1.01 1.01
0.185 0.130 1.02 1.01 0.98
Undular jump
Chanson (2005)
F=1.6 0.069 0.058 0.53 1.04 l.ll
0.091 0.096 0.41 1.02 0.93
0.072 0.067 0.52 1.03 1.03
F= 1.25 0.144 0.133 0.89 1.07 0.94
0.139 0.097 0.95 1.03 1.04
0.142 0.125 0.91 1.05 0.96
0.138 0.098 0.99 1.03 1.00
Remarks
Experiments
Flow net analysis
Detailed analytical solution
Geometry 90-00FA-407/411
Geometry 90-45/413-417
Geometry 60-45/419-423
Geometry 3
(overhanging crest)
Geometry 4
(vertical upstream wall)
Wave trough
Wave crest
Wave trough
Wave crest
Wave trough
Wave crest
Wave trough
at critical flow.
Detailed experimental measurements at critical flow condi-
tions were reanalyzed for the flow situations sketched in Fig. 1.
The basic data are regrouped in Table 1 and some results are
shown in Figs. 2-4. Fig. 2 shows the relationship between A and
13 for both broad- and circular-crested weirs (Fawer 1937; Vo
1992; Gonzalez and Chanson 2007) as well as for undular flow
tivity index" S introduced by the discussers is in fact
Ad
1 EminS=
2 Ad
--1
Emin
(10)
(Chanson 2005). For the weir experiments, the term A/13 JI3/JA
in Eq. (10) was not zero: it ranged from 0.03 to 1.3 for the cir-
cular weir data and from 0.04 to 1.3 for the broad-crested weir
data (Fig. 3). Fig. 4 compares the analytical solution of the di-
mensionless critical flow depth Ad/Emin with experimental data.
The analytical results include the real solutions S1 and S3 for
~<O, and the real solution for ~>O. The solution for ~=O is of
course Ad/ E min =2/3.
Physically the solution S1 occurs for 2/ 3 ~ Ad/Emin~ 1
(Fig. 4), which infers the existence of convex streamlines. This
situation is rare in hydraulic structures, but it is commonly ob-
served in undular flow situations (Chanson and Montes 1995;
Montes and Chanson 1998) [Fig. 1(b)]. In Fig. 4, the solution S 1
is compared with pressure and velocity measurements in undular
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Fig. 3. Relationship between AI l3a131 aA and Adl Emin at critical flow conditions: experimental observations (Fawer 1937; Vo 1992; Gonzalez
and Chanson 2007; trend lines are shown with dashed lines)
hydraulic jumps with partially developed inflow conditions
(Chanson 2005). Both wave crest and trough data are shown in
Fig. 4. Fig. 4 demonstrates conclusively the existence of the so-
lution Sl for Ll<O, refuting the discussion's argument.
"
Fig. 4. Dimensionless critical flow depth versus I3CD2A2 at critical
flow conditions for Ll < 0 and for Ll > 0: comparison between the
analytical solution (Chanson 2006) and experimental observations
(Fawer 1937; Vo 1992; Chanson 2005)
Last it must be stressed that only the critical flow solutions for
Ll<O (rounded weir) and Ll=O (broad-crested weir) were found
to match experimental observations of pressure and velocity dis-
tributions. For Ll > 0, the correct analytical solution of the critical
flow depth is
and it is shown in Fig. 4. Note the point of inflexion of the
solution Ll>O for I3CD2A2=4/3 and AdIEmin=0.78. That solu-
tion might apply to some flow conditions associated possibly with
smooth channel contractions, but further detailed experiments are
required to validate the proposal.
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